A meshfree numerical model, based on the principle of Local Maximum Entropy (LME), including a B-bar algorithm to avoid instabilities, is applied to solve axisymmetric consolidation problems in elastic saturated soils. This numerical scheme has been previously validated for purely elastic problems without water (mono phase), as well as for steady seepage in elastic porous media. Hereinafter, an implementation of the novel numerical method in the axisymmetric configuration is proposed, and the model is validated for well known theoretical problems of consolidation in saturated soils, under both static and dynamic conditions with available analytical solutions. The solutions obtained with the new methodology are compared with a finite element commercial software for a set of examples. After validated, solutions for dynamic radial consolidation and sinks, which have not been found elsewhere in the literature, are presented as a novelty. This new numerical approach is demonstrated to be feasible for this kind of problems in porous media, particularly for high frequency, dynamic problems, for which very few results have been found in the literature in spite of their high practical importance.
Introduction

1
The consolidation of saturated media is a process in which the soil settles 2 as a consequence of the application of external loading, causing a gradual 3 interchange between pore pressure and effective stress after a certain period 4 of time, which mainly depends on the permeability of the soil. Immediately 5 after external loadings are applied to a saturated soil domain, all the external problems, second order of approximation is required most of the times to 111 achieve stable and accurate enough solutions.
112
In this research, a standard first-order Newmark scheme has been employed for the static problems. Moreover, in order to be able to capture the effect of inertial terms in high frequency simulations, the Collocation time integration scheme has been considered more appropriate for the dynamic problems, some of them of high frequencies. This method was developed by Hughes and Hilber [27] as a Newmark and Wilson-θ [28] mix method. It introduces a numerical damping, allowing us to obtain a quick convergence in this kind of problems. This method converges to the Newmark solution for θ = 1, and to the Wilson-θ solution for α = 1/6 and δ = 1/2. Hughes and Hilber [27] demonstrated that the most stable form of this method is obtained using the following values of the parameters which control the stability of the algorithm: δ = 1/2; θ ≥ 1; θ 2(θ + 1) ≥ α ≥ 2θ 2 − 1 4(2θ 2 − 1)
.
These restrictions for the parameters have been employed in the present work.
113
In this study, θ and α have been respectively taken as 1.5 and 0.273.
114
As in all step-by-step time integration schemes, it is necessary to divide 
where ∆R n = f n − Mü n − Cu n − K u n .
2.3. Spatial discretisation: Max-ent shape functions
121
The local max-ent approximation scheme is defined by Arroyo and Ortiz [20] , and employed by Li et al. [21] for fields requiring differentiation, such as deformation and velocity fields. Arroyo and Ortiz [20] defined the local max-ent function (LME) as a Pareto set, being optimal for β ∈ (0, ∞). The shape function is obtained as:
where
being λ * (x) the unique minimiser for log Z(x, λ). The parameter β is related with the discretisation size (or nodal spacing), h, and the constant, γ, which controls the locality of the shape functions, as follows,
For a uniform nodal spacing, β is also a constant, thus the first derivatives can 122 be obtained by employing Arroyo and Ortiz [20] research with the following 123 expression:
where J is the Hessian matrix, defined by:
125
J(x, λ, β) = ∂r ∂λ (11)
r(x, λ, β) ≡ ∂ λ log Z(x, λ) = a p a (x, λ, β) (x − x a ).
Note that, the objective of the above procedure is to find the λ which min-126 imises log Z(x, λ). This unconstrained minimization problem with a strictly 127 convex objective function can be solved efficiently and robustly by a com-the class of often referred to B-bar procedure introduced by Hughes [11] .
138
The introduction of a material point discretisation and the local maximum 139 entropy (LME) meshfree approximating subspace within the OTM frame-
140
work yields no influence on the construction of a general B-bar procedure
141
proposed by Simo and Hughes [29] . For completeness, we summarise it here 142 to facilitate its extension to axisymmetric coordinate systems.
143
The strain tensor ε(θ p ) computed at a material point θ p is transformed to ε(θ p ) by replacing its volumetric part to an averaged one evaluated on a cluster of material points, or the patch associated with the material point, i.e.,
and the projection function, π, is defined as
where Ω p is the patch associated with material point θ p or the cluster of material points which contains θ p , v (q) is the volume of material point θ q belonging to Ω p , and I(Ω p ) is the index set of the material points in Ω p and w (q) is a weight obtained from the volume:
The deviatoric and volumetric part of the strain tensor are defined as
respectively, where d is the dimensional of the problem.
144
Next we explain in detail the procedure to calculate the B-bar matrix for 145 an axisymmetric framework. Applications of the LME meshfree approximation in an axisymmetric soil consolidation problem using u − w framework have not been investigated in the literature. In this work, we re-visit the formulation proposed in [9] for the LME interpolation of the u, w fields and the B-bar algorithm in the axisymmetric coordinate system. In axisymmetric problems, the radial and vertical directions (r and z) play the role of x and y in a 2D, cartesian case. Consequently, the new displacement vector is related to the nodal vectors through the shape function based on the principle of local maximum entropy (LME) in a similar way:
where the superscript h denotes discrete nodal values. In this Section, we carry out the same procedure as a 2D multiphase problem by splitting the strain tensor into its solid and fluid components, we have
where, the superscripts s and w denote the solid and fluid phases respectively. In addition, the sum of the strain traces of the solid and fluid phases can be done through the unit matrix, m * , in Voigt notation as follows:
where: (m * ) T = 1 1 1 0 1 1 1
Hence, the new constitutive matrix which relates σ and ε yields:
For the purpose of implementing the B-Bar based algorithm, the strain tensor can be re-calculated as ε. Thus, the main equation yields:
In Voigt notation the equation, the corresponding l th -component is:
(23) where the solid and fluid parts are related with the global strain through the following expressions:
The unit matrix in Voigt notation for the solid and fluid case are as follows
Alternatively, we know that the l-th component of the strain tensor in Voigt notation is:
where, in this case, yields: 
In order to calculate the strain trace, ε ll , by re-arranging different terms, we can obtain for the solid phase:
for the fluid phase
Thus, the final l th -component for the new strain tensor ε at a single integra-149 tion point i in Voigt notation is calculated as:
4. Application to consolidation in soils
151
As previously mentioned, the settlement of saturated soils under loading 152 is caused by a gradual interchange between pore pressure and effective stress.
153
This process is known as consolidation. In this section, the above developed 154 methodology is applied to consolidation in soils in three different configura- 
Consolidation of a soil column: the dynamic problem in 1D
204
In this Section, the dynamic consolidation of a soil column is studied 205 using the same geometry given in Fig. 1 . In this case, the external load- 
where H T is the column height, V c is the p-wave velocity calculated as: In the above expression, D stands for the constrained modulus of the soil.
218
Note that, since ω/(2π) is the frequency of forced motion (external load), Table 1 : Material parameters employed for the dynamic consolidation problem of a soil column (where G is the shear modulus). Note that for the given material properties in Table 1 , Π 2 is directly related to the angular velocity of loading, w, whereas Π 1 is also influenced 233 by the the hydraulic conductivity, k. The parameter values to define the 234 nine points, from P 1 to P 9 , depicted in Fig. 6a ), are listed in Table 2 : The parameters, k and ω, for H T = 10 m and different Π 1 and Π 2 values for P 1 to P 9 in Fig.7a ). 
3.22E-2 (P 6 ) 10 −1 3.22E-3 (P 7 ) 1.018E-2 (P 9 ) 10 −2 3.22E-6 (P 3 ) 3.22E-5 (P 5 ) 3.22E-4 (P 8 )
For the three points P 1 , P 2 and P 3 located in Zone I, Π 2 is kept constant, Employing the different values of k and ω listed in Table 2 , the obtained 254 isochrones for points P 4 to P 9 are compared with the analytical ones given analytical one for the highly unstable cases.
265
For both meshfree and finite element solutions, 320 integration points 266 have been employed. However, despite of this fact, the performance is very 267 different, the meshfree calculation being 6 or 7 times faster than the one 268 obtained with finite elements. In Table 3 The physical equation governing the radial consolidation problem is different from the one given in the previous section. According to Terzaghi [30] , it is as follows:
where c h is the horizontal consolidation coefficient. Since the radial consol- shown in previous sections is utilised herein.
278
In Fig. 11 , a sketch of drains with induced radial flow is presented, r and Table 4 .
282 Table 4 : Material parameters employed for the radial consolidation problem. 
283
Herein we study the case for a quadrangular net of drains as shown in 
Radial consolidation: dynamic axisymmetric problem
302
In order to deal with the dynamic radial consolidation problem, a dy-303 namic loading at the surface has been applied to the same geometry as in Table 6 , are chosen to give the predefined hypothetical dimensionless pa- Table 6 : Angular velocity and permeability for each of the four radial dynamic consolidation problems. Figure 15: Maximum and minimum normalised excess pore water pressures at steady state for dynamic, radial consolidation problem, case A defined in Table 6 . Figure 16: Maximum and minimum excess pore water pressures at steady state for dynamic, radial consolidation problem, case D defined in Table 6 . pressure is impeded to develop at several nodes around the domain center.
349
The simulated geometry is a square section with 20-meter edge length, see Table 7 .
351
The evolution of the consolidation degree, U , at the bottom, lowest corner 352 and the U -distribution over the entire domain after two seconds are respec-
353
tively plotted in Fig. 18 and Fig. 19 . In spite of slight differences in the final 354 part of the evolution in Fig. 18 , it can be concluded that the results from Table 8 : Angular velocity and permeability in each of the three sink dynamic consolidation problems. In this Section, we study the dynamic counterpart of the consolidation 360 problem presented in Section 4.5. The same geometry in Fig. 17 is opted for 361 and the material properties in Table 7 are employed. Taking into account 362 Eq. (33), the permeability coefficients and angular velocities in Table 8 are   363 selected to give the corresponding dimensionless parameters Π 1 and Π 2 for 364 the points A, C, D and E defined in Fig.6b) .
365
In Fig. 20 , the evolution of excess pore water pressure at the top right 
394
It needs to be pointed out that, since a u − w formulation is assumed in the current work, the total water displacement in the vertical direction is extracted as
The obtained results for three different levels of permeability are compared cases.
398
For the case of harmonic loading, the dimensionless parameter
which was defined by Cai et al. [38] , is adopted to characterise the combined In Fig. 26 , the maximum envelopes of isochrones of the pore pressure 
Conclusions
428
We have extended the previously developed B-bar based algorithm to 429 mesh-free numerical schemes in axisymmetric framework for porous media.
430
The methodology is applied to both static and dynamic consolidation prob- In addition, the numerical results presented in this paper for high-frequency illustrated in Fig. 6 , is adopted for all the problems studied in this paper.
455
Although slight differences are noticed, the pattern behaviour of the soil is found.
467
The radial consolidation is an axisymmetric problem, but as in the consol- 
473
In addition, the sink problem is purely 2D, with vertical and horizon-474 tal displacements in both solid and fluid phases. In this case, although 475 Zienkiewicz's classification is still approximate, some differences appear in 476 problems located in zone III: the higher the Π 1 , the higher the amplitude in further study.
487
Comparison between the present formulation and experimental research,
488
taking into account non elastic soil, would be required in the future to extend 489 the validity of this new methodology to real consolidation problems.
490
